Densely embedded graphs  by Archdeacon, Dan
JOURNAL OF COMBINATORIAL THEORY, Series B 54, 13-36 (1992) 
Densely Embedded Graphs 
DAN ARCHDEACON 
Department of Mathematics and Statistics, 
University of Vermont, Burlington, Vermont 054053357 
Communicated by the Editors 
Received December 15. 1988 
Let G be a graph embedded in a surface S. The face-width of the embedding is 
the minimum size 1 C n GI over all noncontractible cycles C in S. The face-width 
measures how densely a graph is embedded in a surface, equivalently, how well an 
embedded graph represents a surface. In this paper we present a construction of 
densely embedded graphs with a variety of interesting properties. The first applica- 
tion is the construction of embeddings where both the primal and the dual graph 
have large girth. A second application is the construction of a graph with embed- 
dings on two different surfaces, each embedding of large face-width. These embed- 
dings are counterexamples to a conjecture by Robertson and Vitray. In the third 
application we examine the number of triangles needed to triangulate a surface S 
such that every noncontractible cycle is of length at least k. Surprisingly, for large 
g the number is approximately 4g, regardless of k. The fourth application is the 
construction of trivalent polygonal graphs. We close with some observations and 
directions for further research. 0 1992 Academic PBS. I~C. 
0. INTRODUCTION 
In this paper we study graphs which are densely embedded on surfaces. 
The graphs considered herein may have loops and multiple edges. The sur- 
faces are compact, orientable 2-manifolds without boundary. By a theorem 
of Brahana [B], these are homeomorphic to a sphere with g handles 
attached. This number g is called the genus of the surface. An embedding of 
a graph on a surface is a homeomorphism between the geometric realiza- 
tion of a graph and a subset of the surface. For convenience, we consider 
the graph itself as a subset of the surface. Our embeddings are cellular, that 
is, each component of the complement S-G is homeomorphic to the 
plane. We refer the reader to [GT] for details on the theory of graph 
embeddings. 
A graph G embedded in a surface has a natural dual graph, G*, some- 
times called the Euler-Poincare dual. The dual is formed by placing a 
vertex in the interior of each face of G and, for each edge of G, connecting 
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the new vertices in the faces on either side of that edge. In this way, the 
dual G* has a natural embedding on the same surface as G. The faces of 
this dual embedding correspond to the vertices of original graph G. Thus 
the dual of the embedded G* is G. We call G the primal graph. 
We distinguish between several types of (simple) cycles in a surface. We 
say that a cycle C separates S if S- C is disconnected; C is nonseparating 
otherwise. C is contractible if it separates S into two parts, one of which is 
homeomorphic to a disk. In the terminology of algebraic topology, con- 
tractible cycles are those which are homotopically null, separating cycles 
are those which are homologically null, and nonseparating cycles are both 
homotopically and homologically non-null. 
We give several measures of the density of a graph G embedded on a sur- 
face S. Define the edge-width of the embedding, ew(G), as the length of the 
shortest noncontractible cycle in G. Define the face-width, fw(G), as the 
minimum of 1 C n GI taken over all noncontractible cycles C in S. Such a 
cycle C will be described as an alternating sequence of vertices and faces, 
Vl,.fi, uz,f2,---, v,,f, such that each fi is incident with both vi and vi+i 
(the indices are read modulo n). Finally, the dual-width, dw(G), is defined 
as the minimum of ICn GI taken over all noncontractible cycles C which 
intersect G only in the interior of the edges. Several relations among these 
parameters are immediate. 
LEMMA 0.1. Let G be an embedded graph with a dual graph G*. Then 
(1) f’(G)Gew(G) 
(2) fw(G) G dw(G) 
(3) fw(G) =fw(G*) 
(4) dw(G) = ew(G*) 
(5) fw(G)=ew(G) ifG is a triangulation, and 
(6) fw(G) = dw(G) if G is cubic. 
For any embedded graph the face-width is the smallest of these three 
parameters. An embedding with large face-width can be considered as very 
dense on the surface. In a densely embedded graph, a large neighborhood 
of a vertex will be embedded as if the graph were planar. Thus these 
parameters also measure the amount of local planarity in an embedding. 
The main purpose of this paper is the construction of densely embedded 
graphs (under any of the three parameters) using covering graphs and 
covering surfaces. A variety of interesting embeddings will be created. 
The paper is organized as follows. In Section 1 we give a survey of results 
on the width of embeddings. In Section 2 we give the main construction 
used throughout the paper. The construction starts with certain embedded 
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base graphs and lifts them to covering graphs embedded in covering sur- 
faces. In Section 3 we give a refinement of the girth of an embedded graph, 
and study the relationship between cycles in the covering graph and cycles 
in the base graph. Basically, any nonseparating cycle in the surface is 
lengthened in the covering space, while the length of separating cycles is 
unchanged. In Section 4 we give several examples of base graphs with the 
properties needed for the construction. In Section 5 we give the first 
application of the construction, making an embedded graph G with dual 
G* both of large girth. In Section 6 we give examples of graphs which have 
dense embeddings on two different surfaces. These are counterexamples to 
a conjecture of Robertson and Vitray. In Section 7 we examine the mini- 
mum number of triangles needed to densely triangulate a surface. This is a 
generalization of a clean triangulation as defined by Hartslield and Ringel 
[HR]. A surprising asymptotic result is given, showing that the number of 
triangles is approximately four times the genus, regardless of the density of 
the triangulation. In Section 8 we construct trivalent polygonal graphs of 
arbitrarily large girth. In Section 9 we close with some open problems. 
1. HISTORY 
Properties of densely embedded graphs have recently received wide 
attention. 
Thomassen [Th] studied the edge-width parameter. He defines a lurge- 
edge-width embedding, LEW, as one in which the edge-width is larger 
than the size of any face boundary. He shows that a LEW embedding 
of a 3-connected graph must be a genus embedding. He also proves 
a 2-switching theorem for 2-connected LEW embeddings similar to 
Whitney’s Theorem [W] for planar graphs. 
Some recent results on the face-width are interesting. Robertson [Ro] 
has investigated bounds on the face-width (called by him the represen- 
tatiuiry) of nongenus embeddings of graphs. If a graph has orientable 
genus y and is embedded on some nongenus orientable surface, then 
the face-width of the embedding is at most 2y + 2. As a corollary, any 
embedding of a graph on a surface with g handles which has face-width 
exceeding 2g+ 2 must be a genus embedding. These results were proved 
independently by Mohar and the author. Note the similarity with 
Thomassen’s LEW theorem. As a corollary, any nonplanar embedding of 
a planar graph must have face-width at most 2. This corollary was also 
proven by Thomassen [Th] and by Gross [G] (although Gross’ proof 
was only for cubic graphs). Robertson has also shown that a 3-connected 
graph with a genus embedding of face-width exceeding 2y + 2 has a unique 
genus embedding. 
582bG411.2 
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Some recent unpublished works by Robertson and by the author 
examine the nonorientable case. If a graph has nonorientable genus 7, then 
any embedding in a nonorientable surface with h crosscaps has face-width 
at most 29 + 2. Again, it follows that an embedding with face-width at most 
2h + 2 must be a genus embedding, and that this embedding is unique. It 
is conjectured that 2h may be replaced by h in the above expressions. 
Robertson and Vitray [V] have conjectured that a stronger result holds. 
Specifically: 
Conjecture 1.1. Any nongenus embedding of a graph has face-width at 
most 10”. 
They originally thought that the 10” could be 2. However, Thomassen 
[Th] found a nongenus embedding of a toroidal graph with face-width 4, 
leading Robertson and Vitray to change the constant. In this paper we 
present a counterexample to Conjecture 1.1. 
Fiedler, Huneke, Richter, and Robertson [FHRR] have investigated the 
orientable genus of graphs which embed in the projective plane. They have 
shown the following remarkable theorem: 
THEOREM 1.2. Zf G embeds in the projective plane with face-width w > 3, 
then the orientable genus of G is Lw/2J 
Richter [Ri] conjectured that if a graph embeds both on the torus and 
on the Klein bottle, then it has embeddings on each with face-width 
at most 2. However, Fiedler and Huneke [FH] found a counterexample 
which has only embeddings of face-width at least 3. 
The fact that the face-width of one embedding can give information 
about other embeddings is an exciting aspect of these works. 
2. THE MAIN CONSTRUCTION 
In this section we give the main construction of the paper. This construc- 
tion has the property of increasing the density of a map by lengthening all 
nonseparating cycles in a surface, while leaving the separating cycles the 
same length. We first give a special case before describing the construction 
in complete detail. 
Construction 2.1. Let S be an orientable surface and let C be a non- 
separating cycle in that surface. We cut the surface along C. The result is 
a manifold with boundary, call it S’. The boundary has two components, 
which we call the left and right side of C. Let S;, S;, . . . . S:, be n disjoint 
copies of this manifold with boundary. From the surface 3 by gluing the 
left side of C in Sl to the right side of C in S:, 1 (the subscripts are read 






modulo n) such that the orientations agree (see Fig. 2.2). The resulting 
topological space is an orientable surface. In particular, if S is the sphere 
with g handles, then 3 is the sphere with 1 + n(g- 1) handles. Moreover, 
there is a natural covering map 40: 3 + S obtained by “suppressing sub- 
scripts.” Observe that this covering map is n-fold; each point XE S 
corresponds to n points in cp -l(x). 
Let G be a graph cellularly embedded on S. The inverse image cp - ‘( G) 
defines a graph G embedded on 3. Observe that IV(G)1 =n (V(G)1 and 
I,?Z(G)l = II IE(G)I. Also, IF(G)1 = n lF(G)l, where F(G) denotes the faces of 
the embedding. 
It follows that the Euler characteristic ~(3) = nx(S), which agrees with 
the formula for the genus of 3 given in the preceding paragraph. 
The covering G of G can also be described in terms of voltage graphs 
[GT]. We begin by slightly perturbing the nonseparating cycle C (if 
necessary) so that the only intersections with G are transversal crossings in 
the interior of edges. Let e be an edge of G. If the plus direction of e crosses 
C from left to right it receives a voltage assignment of 1 in the group Z,. 
If the plus direction of e crosses C from right to left it receives voltage - 1. 
If e crosses C several times the voltages from the individual assignments are 
added together. The edges which do not cross C receive voltage 0. The 
derived graph from this voltage assignment is precisely G. Moreover, the 
derived embedding is q-‘(G) c 3. The group element i associated with a 
vertex of G corresponds to the copy S; on which the vertex lies, 
We examine .the relationship between cycles in G and cycles in G. Let P 
be a cycle in G. The covering map sends p to a closed walk P in G without 
backtracking. Any such walk must contain a cycle of G. It follows that the 
length of P is at least as long as the shortest cycle of G, and so the girth 
of G is not less than the girth of G. 
Some cycles are in fact lengthened. Suppose that P is a cycle in G which 
has a single left-to-right crossing of C. Starting in S, and walking along the 
edges in G which map to edges in P will lead to S: + , . Continuing the walk 
in this manner leads to S:, 2. Thus the lift P is a single cycle which is n 
times as long as P. 
18 DAN ARCHDEACON 
Loosely speaking, cycles which cross C lift to longer cycles in G, while 
cycles which do not cross C lift to cycles of the same length. 
In order to lengthen all nonseparating cycles of G, and to simplify the 
arguments relating the girth of the covering graph to the girth of the base 
graph, the main construction is a modification of the simple construction 
just presented. 
Construction 2.3. As before, let S be a sphere with g handles and let G 
be an embedded graph. Select 2g simple cycles C,, . . . . C,, as shown in 
Fig. 2.4. In particular, these cycles represent the 2g different dimensions in 
the first homology group of S. Further require that the only intersections 
among the Cis are single points in Czi A Cli+, , and that the only intersec- 
tions between the Cls and G are transversal crossings in the interiors of G’s 
edges. 
Let S’ be the manifold with boundary formed by cutting S along each of 
the cycles Ci. There are exactly g boundary components. The ith boundary 
component contains 4 paths corresponding to the left and right sides of Czi 
and Czi+ i . Let S; , S;, . . . . S:, be disjoint copies of S’. For each j, glue the 
left side of C, in Sj to the right side of C, in Si+ i (the subscripts are read 
modulo n). Fix a natural number q less than n. Now glue the left side of 
C, in Sj to the right side of C2 in SJ + 4. We continue in this manner, gluing 
the left side of cycle Ci in S; to the right side of Cj in Si+ y,+l. At each step 
the identification is made so as to preserve the orientability of the 
topological space. The result of these identifications is 3. Observe that 3 is 
connected, since each Sl is connected and we can reach S:+ i from Si by 
crossing over C,. Each point not on any Ci clearly has a neighborhood 
homeomorphic to the plane. A point on exactly one Ci has a neighborhood 
which is the union of two half-planes, one on Sj and the other on S:+,+l. 
Finally, a point on both Ci and on Ci+ i has a neighborhood consisting of 
four quarter-planes on the surfaces S; , Sj + y,m I, SJ + 4z- I+ Q;, and Si + y,. Thus, 
,!? is an orientable surface. As before, we have a natural n-fold covering map 
cp:LS. 
The covering surface 3 and the embedded covering graph z( can again be 
c2 c4 
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described by voltage assignments. In this case, a left-to-right crossing of Ci 
by an edge contributes q’- ’ to the voltage assignment. 
A special case of Construction 2.3 will give the following: 
THEOREM 2.5. Let G be a graph embedded in a surface S. Then there 
exists an n-fold covering graph G embedded in an n-fold covering surface 3 
such that each separating cycle in G lifts to n cycles in G, and each non- 
separating cycle in G lifts to a single cycle in G. Moreover, the same lifting 
property holds for the dual of G, the medial graph of the embedding, and the 
dual of the medial graph. 
Proof Select the cycles Ci as in Construction 2.3. Arbitrarily fix a direc- 
tion along each Ci. So each Ci has a left and a right side. Now let C be 
a directed cycle in G. As we walk along C let #lr, denote the number of 
crossings of Ci which go from C;s left to its right side. So, for example, 
Fig. 2.6(a) has two left-to-right crossings of Ci, and contributes two to the 
count # lr,. Similarly let # rl, be the number of right-to-left crossings. The 
reader is cautioned not to confuse the counts #lr, and #rli with those 
crossings of C obtained while walking along Ci. We first establish that C 
separates S if and only if # lr, = # rl, for each i. 
Suppose that C is a directed cycle which separates S. Let x1, x2, . . . . x, be 
the points where Ci intersects C, labeled in the cyclic order determined by 
Ci. Figure 2.6 shows the four cases for the crossings at xi and xj+ 1. But 
cases (a) and (b) are impossible, as the open segment (xj, xj+ i) of Ci joins 
the left and right sides of C, yet these sides lie in different components of 
S- C. Hence the crossings are as shown in case (c) or (d). In each of these 
cases C crosses Ci from left-to-right at one point and from right-to-left at 
the other point. It follows that the left-to-right and right-to-left crossings 
alternate along Ci, and hence that they are equal in number. 
Next, suppose that C does not separate S. Then there is a cycle C’ such 
that C’ n C is a single transversal crossing. Because C,, . . . . C,, generate 
the first Z,-homology group of S, some subset 9 of C,, . . . . C, is 
Hz-homologous to C’. Since c’ and 9 are Z,-homologous, the parities of 
FIGURE 2.6 
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JC n C’I and IC n 91 are the same. It follows that 1 C n 91 is odd, and so 
) C n CJ is odd for some i. But I C n Gil = # Zr, + # rl,, and so # lr, # # rli. 
Using Construction 2.3 we now build the covering promised by the 
theorem. The net voltage assignment on a cycle C is determined by #Ir, 
and #rl,. Specifically, it is given by 
,g, (#hi-- #rl,)q’-‘. 
If C separates S, then by the argument above #fr, = #A, for all i. It 
follows that C is assigned a net voltage of zero, and hence lifts to a set of 
disjoint cycles each with the same length as C. 
If C does not separate S, then #Zr, # #rl, for some i. If q is large 
enough, then C must be assigned a nonzero voltage. Specifically, we note 
that I # Ir, - # rl,J is bounded by k = maxi IG n Gil }, and chose q so large 
that it cannot be a root of a polynomial with degree at most 2g- 1 and 
with integer coefficients of magnitude at most k. 
To guarantee that this nonseparating cycle lifts to a single cycle we need 
that the assigned voltage is relatively prime to the fold-number n. But no 
cycle is assigned a voltage exceeding N = kq*g. So we need only choose n 
a prime number at least N. 
The theorem asserts that the same lifting property holds for the dual G*, 
the medial graph (see Section 3 for a definition), and its dual. The key steps 
in establishing this lifting property were selecting cycles Ci which inter- 
sected the graph only transversally in the interior of edges (these cycles can 
be chosen to work for all four graphs simultaneously), and the choice of a 
sufficiently large q so that a cycle in the graph having some #lr,# #rl, 
must be assigned a nonzero voltage (choose the maximum of the q’s for the 
four graphs). It follows that we can ensure that the lifting property holds 
for all four graphs, and the theorem is demonstrated. 1 
T. Tucker [Tu] points out that there is a very simple topological 
description of a covering having similar properties to that constructed in 
Theorem 2.5. Let k be any integer greater than max{ IG n Gil }. Let 3 be the 
covering of S corresponding to the kernel of the homomorphism from 
the fundamental group of S onto the first &-homology group of S. In the 
covering graph it is exactly the nonseparating cycles which are lengthened. 
The covering of Theorem 2.5 is cyclic, which proves useful in the next 
section. 
3. THE GIRTH OF AN EMBEDDED GRAPH 
In this section we give a refinement of the girth of an embedded graph 
and use it to study the girth of the covering given by Theorem 2.5. 
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For a graph G embedded in a surface S, define the contractible girth, 
cg(G), as the length of the shortest cycle in G which is contractible in S. 
Define the separating noncontractible girth, sg(G), as the length of the 
shortest cycle in G which separates the surface S but is noncontractible. 
Define the nonseparating girth, rig(G), as the length of the shortest cycle in 
G which does not separate S. The following lemma is immediate. 
LEMMA 3.1. girth(G) = min{cg(G), sg(G), rig(G)}. 
How do the girths of a covering graph G compare with the girths of the 
base graph G? Since a separating cycle in G maps to a separating circuit 
in G, it might appear that sg(G) >sg(G). But there may be separating 
circuits (that is, nonsimple cycles) in G which have length much less 
than sg(G). For example, such a circuit can be obtained by going around 
a nonseparating cycle in one direction and then returning by tracing a 
different but homologous nonseparating cycle in the opposite direction. 
The resulting “sum” of nonseparating cycles is separating, and its length 
could be as small as 2ng(G). Such a circuit could be the image of a 
separating cycle in G of the same length. Indeed, just this problem arises in 
later applications of our covering Theorem 2.5; the base graph has cg and 
sg large but ng small. 
We need a different property to give lower bounds on the contractible 
and separating girths. Let K' denote the edge-connectivity of a graph. 
LEMMA 3.2. Let G be an embedded graph with dual G*. Then 
cg(G) Z K’(G*) and sg(G)>K'(G*). 
Proof: For any embedded graph G, a cycle in the graph which 
separates the surface corresponds to a cut-set of edges in the dual graph 
G*. Thus the smallest such cycle is at least as large as the edge-connectivity 
of the dual. m 
We would like to use Lemma 3.2 to bound cg and sg for the covering 
graphs constructed using Theorem 2.5. Unfortunately, the edge-connec- 
tivity of a covering graph may be small in relation to the edge-connectivity 
of the base graph. So we need the following, yet even stronger, condition. 
An embedded graph G has the m-nonseparating-cycle property if for any 
two vertices u, v of G there exists m pairwise edge-disjoint simple cycles in 
G, each of which contains both u and v and each of which is nonseparating 
in the surface. Observe that if G has the m-nonseparating-cycle property, 
then there exist 2m pairwise edge-disjoint paths joining any pair of vertices. 
It follows that G is 2m-edge-connected. 
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LEMMA 3.3. Let G be an embedded graph and let G be the cover given by 
Theorem 2.5. If G has the m-nonseparating-cycle property, then so does G. 
Proof Let u and v be two vertices of G. If cp(u)#cp(v) then let 
C 1, *.., C, be the cycles containing q(u) = q(v) given by G satisfying the 
m-nonseparating-cycle property. If q(u) = q(v), then pick a second vertex 
at random to establish the Cis. The lifts ci= cp-‘(C,), i = 1, . . . . m, will be 
the cycles needed to establish the m-nonseparating-cycle property for G. 
Since each Ci is nonseparating, Theorem 2.5 says that cj is a single cycle 
of length n times the length of Ci. In particular, each ci contains both u 
and v. Since Ci is nonseparating in S, there exists a path from the left side 
of Ci to the right side of Ci in S- Ci. Any component in the lift of this 
path connects the left side of ci to the right side of cj in s- ci. Thus each 
ci is nonseparating in 5. 1 
LEMMA 3.4. Let G be an embedded graph whose dual G* has the 
m-nonseparating-cycle property, and let i: be the cover of G given by 
Theorem 2.5. Then 
cg(G)22m and sg( G) 2 2m. 
Proof The dual z(* of G is the cover of G* given by Theorem 2.5. By 
Lemma 3.3 it follows that G* has the m-nonseparating-cycle property. 
By the comments immediately preceding that lemma, G* is 2m-edge- 
connected. The result now follows from Lemma 3.2. 1 
Note that it is the cyclic nature of the covering given in Theorem 2.5 
which preserves the m-nonseparating-cycle property of the dual covering 
graph and hence the edge-connectivity of the primal covering graph. 
We now examine the lifts of contractible cycles. 
LEMMA 3.5. Let G be a graph embedded in a surface S, and let 3 be the 
n-fold covering given by Theorem 2.5. If C is a contractible cycle in G, then 
its lift (?=cp-‘(C) h as n components, each of which is a contractible cycle 
in S. 
Proof Since C is contractible, it separates S. Thus Theorem 2.5 guaran- 
tees that the lift c has n components. Let S, be that portion of S with 
boundary C which is homeomorphic to a disk. The embedding of G gives 
a decomposition of S, such that v-e + f = 1. Let 3, be the lift of S,. &!?, 
is a manifold with boundary c which has at most n components, and 
satisfies v” - P + f = n. If we cap off each of the n different boundary com- 
ponents we obtain a manifold without boundary having at most n com- 
ponents and having Euler characteristic 2n. It follows that this must be the 
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disjoint union of exactly n spheres, and hence that each component of c is 
contractible. i 
And we can now bound the nonseparating girth of G. 
LEMMA 3.6. Let G be an embedded graph with G the cover given by 
Theorem 2.5. Then 
rig(G) amin{ng(G) + 1, sg(G)). 
Proof. Let H be a nonseparating cycle of minimal length. A non- 
separating cycle P of G must map to a closed walk P without backtracking. 
The walk P must contain a cycle C of G. If C is contractible, then by 
Lemma 3.5 so is the component of the lift c contained in p. Hence we can 
delete that component of c from P and obtain a shorter cycle homotopic 
to B, a contradiction. If C is a noncontractible cycle which separates S, 
then the number of edges in P is at least as large as the number in C, and 
hence at least as large as sg(G). If C does not separate S, then the number 
of edges in ii must be strictly larger than the number of edges in C, and 
hence at least rig(G) + 1. # 
We have introduced three different parameters describing the girth of an 
embedded graph, and used these to study the girth of the covering graph 
given by Theorem 2.5. Before closing this section, we introduce the medial 
graph and point out some relationships between the girth and the width 
parameters. 
An angle of an embedded graph G is a path of length 2 contained in the 
boundary walk of a face. Note that there are 4 angles containing a fixed 
edge e, two on each side (in one of the face boundaries containing e) and 
two at each end (centered on one of the vertices incident with e). We form 
the medial graph, M, by placing a vertex of M in the middle of each edge 
of G, and connecting two such vertices if and only if the corresponding 
edges in G form an angle of some face (see Fig. 3.7). Note that the medial 
graph is 4-regular. 
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Observe that A4 is the medial graph of both the primal G and the dual 
G*. The medial graph embeds in the surface in a natural manner. In fact, 
the faces of the embedded medial graph can be 2-colored, black and white, 
such that the white faces correspond to the vertices of the primal graph, 
while the black faces correspond to the vertices of the dual graph. 
The dual of the medial graph, M*, can also be described as the bipartite 
graph whose vertices are the vertices of G together with the faces of G, and 
whose edges represent vertex-face incidences (see Fig. 3.7). 
LEMMA 3.8. Let G be an embedded graph with dual G* and medial graph 
M. Then 
fw(G) = 4 dw(M) = $ ew(M*) = f min{sg(M*), ng(M*)}. 
Proof: Let C be a noncontractible cycle in M* of length 2n. Since every 
other vertex of C is in G, C is a noncontractible cycle in S which intersects 
G in n points. Similarly, any cycle in the surface which intersects G in n 
points is homotopic to a cycle in M* of length 2n. Thus fw(G) = 
(l/2) ew(M*). It follows from Lemma 0.1 that these also equal 
(l/2) dw(M). Next, the edge-width of M* is the length of the shortest non- 
contractible cycle in M*. These cycles are either separating, and hence 
included in sg, or are nonseparating, and included in ng. The last equation 
follows. 1 
4. INGREDIENTS 
In Section 2 we presented the main covering graph construction of this 
paper. In Section 3 we used the m-nonseparating-cycle property to bound 
the girths of the covering graph. In this section we provide the ingredients 
for the construction, some embeddings in which the dual has the 
m-nonseparating-cycle property. More strongly, in these examples the 
primal graph will also have the m-nonseparating-cycle property. The covers 
constructed by Theorem 2.5 from these base graphs are needed in 
Sections 5 through 8. 
EXAMPLE 4.1. In [P, S] it is shown that if n is congruent to 1 
modulo 4, then K, has a self-dual embedding. We will show that such an 
embedding has the m-nonseparating-cycle property, where m = (n - 1)/2 
(we assume here that n 2 9). Let U, u be two vertices of K,, and let the 
remaining vertices be w,,, . . . . w~,,-~. The first cycle, C,, is the triangle 
U, u, wO. The remaining m - 1 cycles, Ci, i = 2, . . . . m, are the quadrilaterals 
W w2i-3, v, w2i-2. It remains to show that these cycles are nonseparating 
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in S. If they are separating in S, then they are either face boundaries, or 
they separate the graph, or one component of S- Ci has only chords of Ci. 
The first is impossible, as each face is an (n - l)-gon. The second is 
impossible, because K, has no cut-sets of size 3 or 4. The third is 
impossible, because the component of S- Cj with only chords of Ci does 
not have enough edge-face incidences to make each face an (n - 1 )-gon. 
EXAMPLE 4.2. In [S] it is shown that K,,, has a self-dual embedding if 
n is even. Let the vertices in one part of K,,, be vi, . . . . u, and let the other 
vertices be ui, . . . . u,. We will show that this embedding has the 
m-nonseparating-cycle property, where m = ~42. 
We first describe the cycles containing V, and v2. As in the preceding 
example, the cycles are quadrilaterals. Specifically, the cycle Ci is ui , uZi- i, 
v2, uZi. As before, these cycles are too short to be face boundaries and do 
not separate the graph. Hence they are nonseparating in the surface. 
We next describe the cycles containing u1 and ui. The first cycle, C, is 
the quadrilateral ui, ui, u2, ua. The m - 1 remaining cycles are the 
hexagons ul, 4-l, uziel, ul, v2ir uzi, where i = 2, . . . . m. Again, these cycles 
are too short to be face boundaries, they do not separate the graph, and 
if they separate the surface with one part containing only chords of the 
hexagons then there are not enough edge-face incidences to make each face 
an n-gon. 
EXAMPLE 4.3. Our third in the list of ingredients is an example which 
is not self-dual. In [SW] the authors gave a triangular embedding of 
the complete tripartite graph K,,,, on an orientable surface. Delete all 
of the vertices in one part of the embedding. The remaining graph is K,., 
embedded such that each face is a Hamiltonian cycle. 
Both the primal and the dual graph of this embedding have the 
m-nonseparating-cycle property, where m = n/2 (we assume here that n is 
even). The argument for the primal graph, K,,,, follows exactly as in 
Example 4.2. The argument for the dual graph is slightly different; we first 
need to introduce some notation. 
The desired embedding can also be described by the voltage graph of 
Fig. 4.4. The vertex set of the derived K,, is {x, y ) x h,. Let (a, b) denote 
FIGURE 4.4 
26 DANARCHDEACON 
the edge joining (x, a) to (v, b), where a, b E Z,. Note that (a, b) lies above 
the directed edge with voltage a-b. 
Each face in Fig. 4.4 lifts to a single face of the derived embedding. 
Moreover, each of the n edges covering an edge e are shared by the derived 
faces above the digons incident with e. So that the dual of the derived 
embedding is nC,, the n-cycle with each edge duplicated n times. Two dual 
edges (a, b)* and (a’, b’)* are parallel if and only if b - a - b’ - a’ 
modulo n. It follows that a set of dual edges ((a,, b,)*, . . . . (a,, b,)*) form 
a cycle in the dual derived graph exactly when the differences bj - a, are all 
distinct. Finally, such a cycle is separating if and only if {(a,, b,), . . . . 
(a,, 6,)) is a cut-set of K,,,. 
It is now easy to describe the m nonseparating cycles in the dual derived 
graph. The ith such cycle is 
{(i, i)*, (i, i+ l)*, . . . . (i, i+n-2)*}u {(i- 1, i-2)*). 
We leave it to the reader to check that the differences are all distinct (so 
that this is indeed a cycle), that the dual edges do not form a cut-set of K,,, 
(so that this cycle is nonseparating), and that no edge occurs in two such 
cycles (so that they are edge-disjoint). 
5. GRAPHS AND DUALS OF LARGE GIRTH 
We now apply the construction of Section 2 and the ingredients of 
Section 4 to construct embeddings where both the primal and the dual 
graph are of large girth. 
We first remark that such embeddings are rather difficult to picture. If 
the girth of the dual graph is large, then large neighborhoods of the primal 
graph are planar. One might expect, then, that they have vertices of small 
degree. This would in turn imply that the girth of the dual is small. Some 
calculations also reveal a surprising feature of these embeddings. Suppose 
we require that the girth of G is at least k. Then each face is of length at 
least k, from which it follows that kf < 2e. Similarly, if the dual G* is of 
girth k then kv < 2e. Combining these with Euler’s formula v-e + f = 
2 - 2g, we get that e < 2k( g - l)/(k - 4). For large values of k, we have 
approximately 2g edges. As it takes 2g edges to cellularly embed a graph 
on a surface, the proportion of edges available to ensure that the girth of 
the dual is large approaches 0. In other words, almost all of the edges are 
needed to represent the surface, with almost no edges left over to make the 
girths large. 
THEOREM 5.1. Let G be a graph embedded in a surface S such that the 
dual G* has the m-nonseparating-cycle property. Then there exists a G 
covering G embedded in a surface 3 covering S such that girth(c) > 2m. 
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Proof. Construct a cover G, of G using Theorem 2.5. By Lemma 3.4, 
cg(G, ) and sg(G, ) are at least 2m. By Lemma 3.6, ng(G, ) is strictly greater 
than rig(G), or else it is sg(G) > 2m and we are done. By Lemma 3.3, GT 
has the m-nonseparating-cycle property, so that G, is as in the hypothesis 
of the theorem. To complete the proof, we iterate Theorem 2.5 as long as 
needed until we construct a cover G with rig(G) > 2m. By Lemma 3.1, the 
girth of G is the minimum of cg(G), sg(G), and rig(G), hence it is at least 
2m. 1 
THEOREM 5.2. For all m there exists an embedded graph such that both 
the primal and the dual graphs are of girth at least 2m. In addition, one can 
require that both graphs have the m-nonseparating-cycle property, are 
bipartite, and that the graphs have a different number of vertices. 
Proof We apply Theorem 5.1 using any of the three ingredients given 
in Section 4. Each of these examples had both the primal and dual graphs 
with the m-nonseparating-cycle property. Hence as we lift both the graphs 
and the duals simultaneously, we get both the graph and the dual of girth 
at least 2m. That they both have the m-nonseparating-cycle property 
follows from Lemma 3.3. Examples 4.2 and 4.3 have the property that both 
the primal and the dual graph are bipartite, which is preserved by the 
covering graphs. Finally, Example 4.3 has the property that the primal and 
dual graphs have a different number of vertices, which is also preserved by 
the covering graphs. 1 
6. GRAPHS WITH Two EMBEDDINGS OF LARGE FACE-WIDTH 
In this section we consider the question of whether a graph can densely 
embed on two different surfaces. Suppose that a graph G is embedded on 
a surface S such that the face-width is large, say exceeding 10”. Must this 
be a minimum genus embedding? Robertson and Vitray conjectured that it 
is (see Section 1). Indeed, their conjecture is quite plausible. An embedded 
graph with such a large face-width must closely resemble the surface S. 
It is difficult to imagine that such a graph can be embedded with fewer 
handles. However, their conjecture is false. In this section we present 
graphs which have embeddings on different surfaces, each of large face- 
width. These will be counterexamples to the Robertson-Vitray conjecture, 
as they cannot both be minimum genus embeddings. 
Let G be an embedded graph with medial graph M (see Section 3 for the 
definition). Define a straight-ahead walk of the embedded M as a maximal 
walk which contains no angle and repeats no edge. Equivalently, a straight- 
ahead walk is a maximal edge-simple walk such that at each vertex two 
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opposite edges (in the rotation scheme) are traversed. Straight-ahead walks 
are necessarily closed. The edges of the straight-ahead walks partition the 
edge set of the medial graph. A coloring of the straight-ahead walks is an 
assignment of a color to each straight-ahead walk. The coloring is proper 
if at each vertex of M the two straight-ahead walks passing through that 
vertex receive distinct colors. 
LEMMA 6.1. Let G be an embedded bipartite graph with a bipartite dual 
G*, and let A4 be the medial graph. Then the straight-ahead walks of A4 may 
be properly 2-colored in colors red and blue. Moreover, the straight-ahead 
walks can be directed so that one part of the faces of A4 are described by 
alternately traversing red and blue edges in their induced direction, and the 
other part of the faces are described by alternately traversing red edges in the 
induced direction and blue edges in the noninduced direction. 
Proof We first show that we can properly 2-color the straight-ahead 
walks of M. The faces of M fall into two parts, those corresponding to 
vertices of G and those corresponding to vertices of G*. Using colors 
0, 1 E Z,, 2-color the faces corresponding to vertices of G as induced by 
G’s vertex bipartition. Similarly 2-color the faces corresponding to vertices 
of G*. So that around each vertex of M the four faces are colored 0 or 1, 
where opposite faces receive distinct colors. Now assign to each edge the 
sum modulo 2 of the colors on its two incident edges. At each vertex, two 
edges incident with a common face receive distinct colors. It follows that 
the straight-ahead paths are two-colored as desired. 
It remains to show the claim concerning the orientation of the straight- 
ahead walks in M. Let F be the faces of M which correspond to the vertices 
of G. Note that each edge of M is incident with exactly one face in F. Parti- 
tion F into two parts, F, and F2, using the partition induced by the bipar- 
titeness of G. Next orient each face in F, clockwise, and orient each face in 
F2 counterclockwise (see Fig. 6.2). This orientation on the faces induces a 
direction on each edge. At each vertex v of M two opposite edges are 
directed one towards v and one away from v. Thus the edge directions 
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(clockwise) local rotation scheme toggles between the cyclic permutation 
(blue edge in, red edge in, blue edge out, red edge out) and its inverse, where 
red and blue are the two colors on the straight-ahead walks. It follows that 
the faces of M in F are described by alternately traversing the red and 
blue edges as directed. The remaining faces in M (those corresponding to 
vertices in G*) are described by alternately traversing red edges as directed 
and blue edges in the opposite direction. 1 
We now describe two different embeddings of a medial graph which has 
the properties given by Lemma 6.1. A slight modification of these embed- 
dings will give the desired counterexamples to the Robertson-Vitray con- 
jecture. Let cp describe the given embedding of M. Recall that the faces of 
M may be two-colored, with the white faces corresponding to the vertices 
of the primal graph G, and the black faces corresponding to the vertices of 
the dual graph G*. 
The first embedding, cpi, can be described by considering the embedding 
generated by the white faces of M and the straight-ahead walks of cp. 
Equivalently, the embedding can be described in terms of the (clockwise) 
local rotation described by the cyclic permutation (blue edge out, bfue edge 
in, red edge out, red edge in) as shown in Fig. 6.3. The second embedding, 
cpz, is the embedding generated by the black faces of M and the straight- 
ahead walks of rp. Likewise, this embedding can be described by the (clock- 
wise) local rotation (blue edge in, blue edge out, red edge out, red edge in) 
as shown in Fig. 6.3. The faces of ‘pi may be two-colored white and gray 
according to whether they correspond to white faces of cp or to straight- 
ahead walks of cp. Similarly the faces of (p2 may be two-colored black and 
gray. 
Beginning with an embedded bipartite graph G with a bipartite dual G*, 
we have constructed two different embeddings of its medial graph. We next 
relate the width of these embeddings to the girths of G and G*. 
Recall that the face-width of an embedded graph is the minimum n for 
which there exists an alternating sequence of vertices and faces, u,, f,, 
v2, fi, ..., u,, f,, where fi has both vi and vi+ 1 in its boundary (the indices 
are read modulo n), such that the union of the vertices and faces contains 
FIGURE 6.3 
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a noncontractible cycle. Define a monochromatic chain of faces in a medial 
graph as an alternating chain of vertices and faces as described, where each 
face in the chain receives the same color, white or black. Since the white 
faces of the medial graph correspond to the vertices of the primal graph, 
any monochromatic chain of white faces corresponds to a closed walk in 
the primal graph. In particular, a chain of faces which represents a cycle of 
minimal length corresponds to a cycle in the primal graph. Similarly, a 
monochromatic black chain corresponds to a cycle in the dual graph. 
Hence: 
LEMMA 6.4. Let M be the medial graph of an embedded G where both 
G and G* have girth at least n. Then there does not exist a monochromatic 
chain of faces in the medial graph of length less than n. 
It follows that any white monochromatic chain of faces for ‘pr is of 
length at least n, as is any black monochromatic chain of faces for (p2. We 
do not know if the face-width of ‘pl or of (p2 is large, as we cannot bound 
the length of chains with faces of different colors. However, since the gray 
faces are in common in the two embeddings, we can avoid this difficulty. 
LEMMA 6.5. There exists a supergraph K of M and embeddings cp; , cp; of 
K such that the face-widths of cp; and cp; are at least n. 
Proof In each gray face of the embeddings cpr and (p2 of M we place 
a dense planar graph as shown in Fig. 6.6. In particular, this planar 
graph is dense enough such that any chain of faces in cp; or cp; which 
involves portions of gray faces of ‘pl or (p2 may be replaced by a shorter 
chain of white or black faces, respectively. The lemma now follows from 
Lemma 6.4. 1 
We have shown the following theorem. 
THEOREM 6.7. For all n there exists a graph K with two different embed- 




Proof: In order to apply the constructions of this section, we need to 
start with an embedded graph G such that both G and the dual G* are 
bipartite and of girth exceeding n. Such graphs are given by Theorem 5.2. 
To show that the embeddings cp, and cpZ are in different surfaces, it suffices 
to show that the number of faces in cp; and cp; are different. This in turn 
follows if the number of black faces of cp is different from the number of 
white faces of cp, which follows if the number of vertices in G and G* are 
different. Theorem 5.2 also guarantees this property. 1 
We finish by noting that a variation on this construction can guarantee 
that the graphs are cubic and bipartite. Additionally, one can ensure that 
one or both of the surfaces on which they embed are nonorientable. 
Finally, we note that the gap between the genera of the two surfaces can 
be made arbitrarily large. 
7. VERY CLEAN TRIANGULATIONS 
A triangulation of a surface is an embedded graph such that each face is 
a triangle. Jungerman and Ringel [JR] asked, “What is the smallest simple 
graph which can triangulate the sphere with g handles?’ By Euler’s 
formula, it suffices to count either the number of vertices in such a graph, 
or to count the number of triangular faces. 
Let r3(g) denote the minimum number of triangular faces. They showed 
that for g # 2, 
s,(g)=2 r 7+4= 2 1 +4(g- 1). 
Observe that lim,, co r3( g)/g = 4. 
Hartstield and Ringel [HR] define a clean triangulation as an embedded 
graph in which every face is a triangle, and every triangle is a face. They 
ask, “What is the minimum number of triangles in a clean triangulation of 
the sphere with g handles?” Let T4(g) denote this number. This parameter 
is more difficult to calculate than r3(g), and for most g its exact value is 
unknown. Surprisingly, Hartstield and Ringel were able to determine that 
lim g _ o. r,(g)/g = 4. Thus, asymptotically, it takes almost no additional 
triangles to find a clean triangulation. 
Each noncontractible cycle is of length at least 4 in a clean triangulation. 
We generalize the concept of clean triangulations. A k-clean triangulation 
is one in which every noncontractible cycle is of length at least k, 
equivalently, a triangulation whose edge-width (and hence face-width) is 
at least k. Let rk(g) denote the minimum number of triangles in a k-clean 
triangulation. In this section we will prove: 
582b/54/1-3 
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THEOREM 7.1. liminf,,,(r,(g)/g)=4. 
The number of edges in a minimal k-clean triangulation is approximately 
6g. It takes 2g edges to represent the surface. An additional 4g edges are 
needed to turn the representation into a triangulation. However, 
asymptotically, it takes almost no additional edges to ensure that this 
triangulation has a large face-width. 
It follows from the aforementioned [JR] that the lim inf in Theorem 7.1 
is at least 4 for k > 3. To show the upper bound, we will show that for any 
E > 0 there exists arbitrarily large g and m such that rz,(g)/g < 
4m/(m - 1) + s/2. Since rk( g) is a nondecreasing function of k, it follows 
that for each k there exists arbitrarily large values of g with rk( g)/g < 4 + E. 
A key intermediate step in our proof of the upper bound is the construc- 
tion of a certain covering graph embedded with large face-width. Recall 
(Lemma 3.8) that if G is an embedded graph with medial graph M, then 
fw(G) = (l/2) min{sg(M*), ng(M*)}. Thus to bound the face-width of G it 
suffices to bound sg(M*) and ng(M*). 
LEMMA 7.2. Suppose that G is an embedded graph with medial graph M. 
If both G and its dual G* have girth at least 2m and both have the 
m-nonseparating-cycle property, then sg(M*) > 4m. 
Proof: Let C be a noncontractible cycle in M* which separates the 
surface into two manifolds with boundary, S, and S2. 
First, suppose that both S, and S2 contain vertices of G in their interior. 
Then by the m-nonseparating-cycle property there are 2m disjoint paths 
joining these two vertices. Each path must contain a vertex of ICn V(G)/. 
Since only every other vertex of C is in G, the length of C is at least 4m. 
Second, suppose instead that S, has no vertices of G. Since C is noncon- 
tractible, there exists a nonseparating cycle in Sr. This cycle must intersect 
at least 2m edges of G, or else there is a cycle in G* of length less than 2m. 
Let H be the subgraph of G formed by these edges. Observe that any vertex 
of H lies in Cn V(G), so that we need only show that 1 V(fi)I > 2m. If H 
is acyclic, then the number of vertices of H is at least the number of edges, 
2m. If H has a cycle, then its length is at least the girth of G, which is 2m. 
In either case, the number of vertices in H is at least 2m. 1 
THEOREM 7.3. Let G be embedded such that both G and G* have the 
m-nonseparating-cycle property. Then there exists a covering graph G 
embedded with face-width at least 2m. 
ProojI Let G 1 be the cover of G given by Theorem 5.1. In particular, G, 
and G: are of girth at least 2m, and both have the m-nonseparating-cycle 
property (Lemma 3.3). Next let G be the cover of Gr given by Theorem 2.5. 
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By Lemma 3.3, both 6 and G* have the m-nonseparating-cycle property. 
Since covering graphs cannot have smaller girth, they both have girth at 
least 2m. Lemma 7.2 applies, so sg(&*) >4m. By Lemma 3.6, ng(&*) is 
greater than ng(M*), or else it exceeds sg(M*) 2 4m and we are done. We 
repeatedly apply Theorem 2.5 until we obtain an embedded covering graph 
G with the property that ng(&*) >4m. By Lemma 3.8, this embedded G 
has face-width at least 2m. 1 
We complete this section with the following. 
Proof of Theorem 7.1. We begin with the self-dual embeddings of 
K Zm + 1 given in Example 4.1. These embeddings have the m-nonseparating- 
cycle property. By Theorem 7.3 there exists a covering graph G embedded 
with face-width at least 2m. Let n be the fold-number of this covering. Then 
G has n(2m + 1) vertices each of degree 2m, nm(2m + 1) edges, and 
n(2m + 1) faces each of size 2m. By Euler’s formula, the genus of the surface 
on which G is embedded is 
g= 1 +n(2m+ l)(m- 1)/2. 
We now form a triangulation T from G by placing a new vertex in the 
middle of each face and adding edges joining this vertex to each vertex in 
the boundary of that face. This operation does not decrease the face-width, 
so fiv( T) 2 2m. Each face of G has been replaced by 2m triangles, so that 
the total number of faces of T is n(2m + 1) 2m. The fold-number n may be 
made as large as desired, so that 
8. TRIVALENT POLYGONAL GRAPHS 
A polygonal graph is an r-regular graph G of girth n together with a set 
of n-cycles {C;} such that every path of length two is in a unique Ci. 
Examples of polygonal graphs are the tetrahedron, cube, dodecahedron, 
and the Petersen graph. A polygonal graph is strict if the set of n-cycles 
covering the P,‘s contains every cycle of length n. The examples just given 
are strict, except for the Petersen graph. 
Most work to date has concentrated on trivalent polygonal graphs of 
small girth [Pl]. Graphs with n = 3,4, 5 are examined in [P2]. Under a 
different guise, Negami [N] has characterized graphs in the case n = 6, see 
also [El, P2]. Examples with n = 7, 8,9 have been constructed [PI, P2, 
CM]. However, no example of a polygonal graph is known with n 2 10. In 
fact, such graphs have been conjectured not to exist [E2]. 
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Trivalent polygonal graphs are closely related to graph embeddings. Let 
G be a trivalent polygonal graph, and let fi, fi, . . . . fk be the set of n-cycles. 
Form a topological space S by attaching a 2-cell to each cycle fi. In fact, 
S is a (not necessarily orientable) surface. It is relatively easy to verify that 
each edge lies in exactly two of the f$, and each vertex lies in exactly three 
of the f:s. G is embedded in S such that every face is an n-cycle. The 
construction can easily be reversed, given a trivalent graph of girth n 
embedded on a surface such that each face has length n, then the set of 
faces form a cycle set for a polygonal graph. 
We will use the main construction to construct trivalent polygonal 
graphs of arbitrarily large girth. 
THEOREM 8.1. For all n divisible by 4 there exists a trivalent polygonal 
graph of girth n. 
Proof: We begin with the embedding of Kn,2.n,2 given in Example 4.3. 
This graph is n/Zregular, embedded such that each face is an n-gon. Both 
the graph and its dual have the n/4-nonseparating-cycle property. By 
Theorem 5.1 there exists a covering graph G embedded on a covering 
surface of girth n/2. Moreover, the dual G* has the same girth. 
Build a triangulation T by inserting a new vertex in each face of i: and 
adding edges between it and each vertex in the boundary of that face (see 
Fig. 8.2). Note that each vertex of G has degree n/2; these become vertices 
of degree n in T. Each face of G is an n-gon, so the new vertices in T are 
of degree n. Thus the dual T* is a trivalent graph embedded in a surface 
with each face an n-gon. 
We will show that the girth of the dual T* is n. Call an edge of T* an 
old edge if it corresponds (under duality) to an edge of G, call it a new edge 
if it corresponds to an edge of T- G. The only cycles in T* with all new 
edges are the face boundaries corresonding to the new vertices of T, these 
are of length n. Let C be a cycle of T* which contains an old edge. The set 
of old edges in C form a cycle in G *. Since the girth of G* is n/2, C has 
a least n/2 old edges. But no two old edges are adjacent in T*, so the 
length of C is at least n. 
We have constructed a cubic graph T* of girth n, embedded on a surface 
FIGURE 8.2 
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with each face an n-gon. This graph together with the face boundaries is 
the desired polygonal graph. 1 
9. CONCLUSION 
We close by offering some further areas of exploration. The reader is 
urged to review Section 2, in which we survey the known results in this 
area. 
A graph of genus y embedded on a nongenus surface could have face- 
width at most 27 + 2. Is this bound the best possible? The examples of 
Section 6 do not come close to achieving this bound. Is there a nice con- 
struction of graphs which do achieve this bound? A graph of nonorientable 
genus 7 embedded on a nongenus surface can have face-width at most 
27 + 2. Can this bound be improved to 7 + 2? Or even further? 
Recall that a theorem of Fiedler, Huneke, Richter, and Robertson 
[FHRR] related the orientable genus of a graph to the face-width of any 
embedding in the projective plane. Robertson and Thomas [RT] have a 
similar theorem for certain graphs embeddable in the Klein bottle. Is there 
a similar theorem for other nonorientable surfaces? Fiedler and Huneke 
[FH] have found examples of graphs which embed in the Klein bottle and 
the torus, but not having such embeddings of face-width 2 or less. Are there 
similar examples for other pairs of surfaces with the same Euler charac- 
teristic? 
A graph is orientably simple if its nonorientable genus is strictly greater 
than twice its orientable genus. How does face-width relate to being 
orientably simple? 
The author has shown that for some large genus surfaces, the minimum 
number of triangles in a k-clean triangulation is approximately 4g. That is, 
we know that lim inf, _ rx, rk( g)/g = 4. One would suspect that the general 
limit exists (and hence is four). This would be implied by the following 
plausible conjecture. 
Conjecture 9.1. t,Jg) is nondecreasing in g. 
Suppose that we fix the genus g. How does zk(g) grow with respect to 
k? In particular, what is the minimum number of triangles in a k-clean 
triangulation of the torus? 
Finally, the author has constructed some polygonal graphs for n divisible 
by 4. Will a variation on this construction give polygonal graphs for all n? 
Strict? 
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